This paper is concerned with the well-known and long-standing k.GV /-problem: If the finite group G acts faithfully and irreducibly on the finite G F. p/-module V and p does not divide the order of G, is the number k.GV / of conjugacy classes of the semidirect product GV bounded above by the order of V ?
Introduction
A long-standing problem (dating back to the 1950s) in the modular representation theory of finite groups is Brauer's k.B/-problem stating that if B is a p-block of a finite group G, then the number k.B/ of ordinary irreducible characters in B is bounded above by the order of the defect group of B. For p-solvable groups Nagao [20] showed that this problem is equivalent to what has become known as the k.GV /-problem:
If V is a finite irreducible faithful G F. p/G-module of the finite group G such that .|G|; |V |/ = 1, then the number k.GV / of conjugacy classes of the semidirect product GV is bounded above by the number of elements of V , that is, k.GV / ≤ |V |.
This difficult problem has been thoroughly investigated during the past two decades and for a long time stubbornly resisted all efforts to solve it, but by now through the combined efforts of many mathematicians major results have been obtained. The paper is organized as follows: In Section 3 we will generalize well-known formulas for the class number of a group and outline the key ideas of the new line of attack on the k.GV /-problem, which in Section 4 will be used to solve it for solvable groups and large primes p. It will become obvious that the proof for |G| odd is a lot easier than the proof for |G| even; Lemmas 4.5-4.7 are needed exclusively to deal with a special case in which |G| is even. Finally in Section 5 we will give a brief outlook on possible extensions of this work and open questions that arise from it.
Notation
All groups in this paper are finite. A ≤ ∼ B means that the group A is isomorphic to a subgroup of B. If a finite group G acts on a finite vector space V , then by n.G; V / we denote the number of orbits in the action of G and V , that is, n.G; V / = |{v G |v ∈ V }|. By cl.G/ we denote the set of conjugacy classes of a group G, and k.G/ = | cl.G/|, and if S is a set, then È.S/ is its power set. Irr.G/ is the set of irreducible complex characters of G.
When we say that a group G acts on a set , this means that every g ∈ G permutes the elements of and for any g; h ∈ G and ! ∈ we have .! g / h = ! gh . In particular, the permutation action of G on need not be faithful. For g ∈ G we write C .g/ for the set of fixed points of g on , so C .g/ = {! ∈ | ! g = !} (where the group action is written exponentially), and for ! ∈ let C G .!/ = {g ∈ G | ! g = !}. Moreover, if a group G acts on a group V such that the corresponding semidirect product GV is a Frobenius group, then we say G acts fixed point freely on V , and an element g ∈ G is said to act fixed point freely on V if g V is a Frobenius group.
As in [17, Section 2] , for V = G F.q m / (where q is a prime power and m ∈ AE)
we let 0.V / = {x → ax ¦ |a ∈ G F.q m / # ; ¦ ∈ Gal.G F.q m /=G F.q//} and 0 0 .V / = {x → ax|a ∈ G F.q m / # } ≤ 0.V /. Moreover we use • to indicate disjoint unions.
Goodness
We first introduce the notion of a goodness property and study a few important examples, which will yield group theoretical proofs for two well-known formulas for k.GV / (see Corollary 3.7). DEFINITION 3.1. Let G be a group acting (not necessarily faithfully) on the finite set . Let S be the set of all subgroups of G, and put T = U ∈S È.cl.U//. Suppose that there is a function P : S × → T such that for any U ≤ G, ! ∈ we have P.U; !/ ⊆ cl.C U .!//. Then we call P a goodness property and say that the classes in P.U; !/ are P-good for ! in U . Moreover, if g ∈ C U .!/ and g CU .!/ is P-good for ! in U , then we say that g is P-good for ! in U . For any U ≤ G, g ∈ U put .U; g/ = {! ∈ C .g/ | g is P-good for ! in U }:
We also write P.U; !/ =: cl P .C U .!//, and |P.U; !/| =: k P .C U .!// is the number of P-good classes for ! in U .
Finally the goodness property P is special if for all U ≤ G, ! ∈ , u ∈ U we have k P .C U .!// = k P .C U .! u //. DEFINITION 3.2. Let G be a group that (not necessarily faithfully) permutes the elements of the finite set and let P be a goodness property. Then we define
: : : ; n.G; /, are representatives of the orbits of G on ). REMARK 3.3. Suppose P is special. Using the Cauchy-Frobenius orbit counting formula (also known as Burnside's lemma), we obtain
Thus if .G; g/ is C G .g/-invariant for all g ∈ G, then we further conclude (using the orbit counting formula again) that
.G; g i // where g i (i = 1; : : : ; k.G/) are representatives of the conjugacy classes of G. EXAMPLE 3.4. The following special cases of goodness properties are of particular interest:
(a) Let G be a group acting on the finite set and put P.U; !/ = cl.C U .!//. Clearly this is a special goodness property, and for U ≤ G and g ∈ U obviously .U; g/ = C .g/. (b) Let G be a group and N G. Then G=N acts on Irr.N /, and if ∈ Irr.N / and N ≤ U ≤ G, then in [2, p. 177 ] Gallagher defines what it means for a conjugacy class of C U=N . / to be good for , and shows that it depends only on and the conjugacy class in C U=N . /. Thus if we define
then clearly P is a goodness property, and by the Theorem in [2] , k P .C U=N . // is equal to the number of irreducible characters of G lying above . In particular, from this it is clear that P is special. We call P Gallagher's goodness property. Observe that by [2] it follows that k.U / = Þ P .U=N ; Irr.N // for any N ≤ U ≤ G.
We next develop a group theoretical counterpart to Gallagher's goodness property. DEFINITION 3.5. Let G be a group and N G. Let = N .G/ := {g N | g ∈ G} be the set of N -orbits as N acts on G by conjugation. Clearly G=N acts on by conjugation. Note that for g ∈ G obviously g N ⊆ g N, as for x ∈ N we have
Then g = h i v for some i and some v ∈ N . We may assume that
Now we observe the following:
l N for some i , whence h 1 = h hi l x for some i and some x ∈ N . This is equivalent to saying h 1 N = h hi l N which means that h 1 N and h l N are in the same conjugacy class of G=N .
(2) Suppose that h 1 N and h l N are G=N -conjugate, so that h 
Observe that for all i 1 ; i 2 ∈ {1; : : : ; m} we have h di 1 1 N ∩ h di 2 1 N = ∅, and so we even have
Now analogously we obtain
that is,
Now the left-hand side of ( * ) equals
and analogously the right-hand side of ( * ) equals 
So the assertion follows from Remark 3.3 and the fact that k P .C U=N .!// = 1 for all ! ∈ , and the lemma is proved.
Note that from the formula in Lemma 3.6 (a) it is clear that for any N ≤ U ≤ G we have
(where the h i N are representatives of the conjugacy classes of U=N ), because .G=N ; h i / = .U=N ; h i /. Lemma 3.6 is a generalization of a well-known formula for k.GV / in the setting of the k.GV /-problem, as we shall see next. 
PROOF. (a) Apply Lemma 3.6 (a) to the group GV with the normal subgroup V and write the addition on V multiplicatively.
Observe that
where the last equality holds as
by the well-known rules for commutators and because V is abelian. Now as .|G|; |V |/ = 1, we see that
, and so clearly .GV=V ; gV / ∼ = gC V .g/ ∼ = C V .g/ as C G .g/-modules. So by Lemma 3.6 (a) the first formula follows, and the second formula easily follows from the first.
(b) Let P be the (trivial) goodness property from Example 3.4 (a) with respect to the action of G on V . Then we observe that .G; g/ = C V .g/ and also that P is special and .G; g/ is C G .g/-invariant for all g ∈ G. Hence Remark 3.3 yields the second formula in (b), and the first formula is an immediate consequence of the second. The proof of the corollary is thus complete.
The formula in (b) can also be seen as a special case of the formula for k.G/ in Example 3.4 (b).
Note that the formulas in Corollary 3.7 have been known for a long time, since they are special cases of the well-known group theoretic fact that if ³ is a set of primes and G a finite group, then k.G/ is the sum of the number of conjugacy classes of ³ -elements of C G .x/ as x runs over a set of representatives of the conjugacy classes of ³-elements of G.
Observe that another consequence of Lemma 3.6 is the well-known formula k.G/ ≤ k.G=N /k.N / for N G, as is easy to see. We will use this formula freely in the remainder of this paper.
We now present the key idea that our approach to the k.GV /-problem is based on. It is the following easy lemma. LEMMA 3.8. Let G be a group acting on the finite set , and let P be a goodness property. Suppose that there is a b ∈ AE, a 0 < ž < 1 and an N ≤ G such that the following hold:
Then
PROOF. Clearly we may assume that
With this we find
as wanted. REMARK 3.9. If in Lemma 3.8 in addition we assume that P is special and N G, then we can replace Hypothesis (iii) by the weaker hypothesis
To see this, let
This shows that if g i , i = 1; : : : ; t, are representatives of the conjugacy classes of G which are not in N , then
and as G=N permutes the orbits of N on , we see that ! G is the disjoint union of at least two mutually distinct G-conjugate N -orbits on . Hence if ! i (i = 1; : : : ; n.G; /) are representatives of the orbits of G on , then
where the Þ j are representatives of the N -orbits on .
So altogether with our hypothesis we obtain
as desired.
On the k(GV)-problem
In this section we give a new proof of the k.GV /-conjecture for solvable groups and large primes p, that is, p > K for some constant K ∈ AE, using the ideas developed in Section 3. Note that no effort has been made to keep K small, but rather we are satisfied with large K to make the proofs as short and smooth as possible. Due to the nature of the problem still some technicalities cannot be avoided. We begin with a series of auxiliary lemmas, some of which may be of independent interest.
The first lemma studies the case of quasiprimitive group actions, and therefore we will make use of the detailed analysis of solvable groups whose normal abelian subgroups are all cyclic, which can be found in [17, Section 1] (see, in particular, Corollary 1.10 of that book). We recall from there that if F = F.G/ is the Fitting subgroup of G, then there exist normal subgroups E, T of G such that F = ET , Z = E ∩ T and T = C F .E/. Moreover, all Sylow subgroups of E are cyclic of prime order or extraspecial of exponent a prime or 4, and there exists a U ≤ T of index at most 2 with U cyclic, U G and C T .U / = U . 
Now let .|G|; |V |/ = 1 and recall that by Corollary 3.7 (a)
where g 1 = 1; g 2 ; : : : ; g k.G/ are representatives of the conjugacy classes of G. Now
Moreover, by the Cauchy-Frobenius formula we have
Therefore,
and together with (1) this clearly yields (c) for e ≥ 5. It remains to prove (c) in case that e ≤ 4. If e = 1, then by [17, Corollary 2.3 (b)] G ≤ 0.V /, in which case it is well-known (and easy to see using the formulas in Corollary 3.7) that k.GV / ≤ |V |. So we may assume that 2 ≤ e ≤ 4. Suppose now that p > 2 112 . By (a)
(as p ≥ 2 112 ) and thus with (2) we obtain the conclusion. We thus may assume that |U | > p l=8 . Now as U V is a Frobenius group, we easily see (with the formulas in Corollary 3.7) that k.U V / = .|V | − 1/=|U | + |U | ≤ |V |= p l=8 + p l and therefore
Hence it suffices to show that .2 13 l/= p l=8 |V | + 2 13 lp l ≤ |V | which is equivalent to
For this, it suffices to show that
As p ≥ 2 112 , this is certainly true and so also the proof of (c) is complete.
LEMMA 4.2. Let G be a solvable group and V = 0 a faithful, irreducible and finite G-module. Suppose that V = W G for an irreducible H -module W for some H ≤ G (possibly H = G). Assume further that |H=C
PROOF. Since V = W G , we may write V = X 1 ⊕· · ·⊕X m for subspaces X i of V that are transitively permuted by G with W = X 1 . Let N be the kernel of this permutation action. Then G=N is a solvable subgroup of S m , and by [1, Theorem 3] we know that
V i / and therefore we see that
Hence altogether we have 
So next we have to consider the case that Z =Z ∩ N i > 1. Observe that any element g ∈ Z acts either fixed point freely or trivially on V j (for any fixed j ∈ {1; : : : ; n}). Now let t ∈ be minimal such that there is a g ∈ G acting nontrivially on t of the V j with V j ≤ X i and trivially on all the other V j with V j ≤ X i . Clearly t ≥ 1, and by renumbering the V i we may assume that W i = k1 j=1 V j for some k 1 ∈ AE ∪ {0} and that there is a g ∈ G acting nontrivially on W i +1 := t j=1 V k1+ j and trivially on We claim that a ≥ nž ( * ). To see this, assume a < nž.
This implies |V | ž 2 =2 ≤ l n =l .1−ž/n and so |V | ž=2 ≤ l n . Now |V | = |V 1 | n ≥ q n , and with our hypothesis on q we obtain . 
This forces Y to act fixed point freely on W i +1 . Now we have
Now as N i +1 =N i acts faithfully on V m , we see that 
(where the last inequality holds true because |W i +1 | ≥ |V 1 | ≥ |V 1 | 1=2 |V 1 | ž=2 and l ≥ 1). Now if i ∈ M 2 , then we simply use the trivial estimate that
Thus altogether we get
Thus with (b) we conclude that
Now note that by our hypothesis .2l/=|V 1 | ž=2 ≤ .2l/=q ž=2 ≤ 1, so that with ( * ) we find that
Now |V 1 | = q d , and as by our hypothesis clearly q ž 2 =2 ≥ 2, we see that
and thus k.GV / ≤ .2l/ ž k=q ž 2 =2 n |V | and as ..2l/ ž k/=q ž 2 =2 ≤ 1=2 by our hypothesis, we obtain k.GV / ≤ |V |=2 n , and the proof of the lemma is complete. Also let y k = x k for k ∈ {i; j }. Then clearly .y 1 ; : : : ; y n / ∈ U , and it is easy to check that f .y 1 ; : : : ; y n / − f .x 1 ; : : : ; x n / ≥ 0.
Repeatedly applying this procedure shows that f .x 1 ; : : : ; x n / ≤ f .z 1 ; : : : ; z n / for a .z 1 ; : : : ; z n / ∈ U such that there is at most one index i with z i ∈ {1; A}. But then necessarily s of the z j have to equal A and n − s − 1 of them have to be 1. Thus f .z 1 ; : : : ; z n / = 2 s .A + 1/ n−s−1 .A s+1 =B + 1/, and the lemma is proved.
We remark that with the method of the Lagrange multipliers it can easily be shown that the function f in Lemma 4.5 has an absolute minimum at 
PROOF. For i = 1; : : : ; n define
and observe that 1 ≤ x i ≤ q − 1 for all i and n i =1 x i = |M|. Next we claim that
We prove this by induction on n. If n = 1, then M ≤ G 1 and |M 1 | = x 1 , and as G 1 acts fixed points freely on V , the assertion follows.
Let n ≥ 2 and write W = V 2 ⊕ · · · ⊕ V n . Now we have (by Cauchy-Frobenius)
where the last equality holds as for 0 = v 1 ∈ V 1 , we clearly have
So we further conclude that
, and
V j for j = 2; : : : ; n:
Thus we may apply induction which yields n.
Now ( * * ) and Lemma 4.5 (with A = q − 1, B = |M|) imply that
and since by definition of s clearly .q − 1/ s+1 =|M| ≤ q − 1, the assertion of the corollary now follows. .ii/ G=N permutes the V i (i = 1; : : : ; n), and if l ∈ AE is the number of fixed points of G=N on {V 1 ; : : : ; V n }, then l ≤ n=2. 
Then the following hold:
PROOF. (a) As G acts faithfully on V and thus
The rest of (a) is easy to see. (b) Obviously g ∈ N G .R i / for i = 1; : : : ; l, and also g ∈ N G .R * i / for i = 1; : : : ; m and moreover by reordering the V i we may assume that 
if j = l : (c) Similarly as in the proof of Corollary 3.7 (a) and using the fact that M is abelian we see that for h ∈ M, v ∈ V we have
where
Hence if for any M-module W we write N .M; W / = {x M | x ∈ W } for the orbits of M on W , then we conclude that
Hence 
As clearly C CV .h/ .gx y/ = C CV .h/ .gx/ for all x ∈ M and y ∈ C M .C V .h//, we conclude that if x i (i = 1; : : : ; |M=C M .C V .h//|) are representatives of the cosets of
Next we claim that
To see this we consider two cases: Case 1: s − r ≤ n=8: First observe that m ≤ .n − l/=2 and so l + m ≤ .n + l/=2. Then by (4) and (7) we have Þ B;h ≤ q s−r+m+l ≤ q n=8+.n+l/=2 = q 5n=8+1=2 which together with our hypothesis that l ≤ n=2 implies (8) in this case. Case 2: s − r > n=8: Then r − s < −n=8, and with (5) and (6)
as wanted. So (8) is established. By (3) and (8) we finally obtain PROOF. Let G be a counterexample with |G||V | minimal. Write H = GV for the semidirect product of G and V with respect to the action of G on V . First we prove that V is irreducible. If not, then V = V 1 ⊕ V 2 for G-modules V 1 ; V 2 (note that V is completely reducible by Maschke as .|G|; |V |/ = 1).
H being a counterexample to the theorem. Thus V is irreducible.
Next suppose that G acts quasiprimitively on V . As by our hypothesis p > 2 112 , we are done by Lemma 4.1 (c). Thus we may assume that G does not act quasiprimitively on V . 
We claim that
To see this, assume that |G| ≤ |V | 1=8 =3. Observe that by induction and Corollary 3.7 we know that and the proof of the theorem is complete.
Outlook
While the proof of Theorem 4.8 in many instances makes use of the solvability hypothesis, it is likely that with some effort the methods used can be expanded to work for arbitrary groups. Notice that Hypothesis (iii) in Lemma 3.8 typically will not be satisfied in nonsolvable groups, but by Remark 3.9 we can weaken it in the crucial situation to a condition involving class numbers only-and by results of Liebeck and Pyber [16] we know that k.U / ≤ 2 n−1 for any U ≤ S n (where S n is the symmetric group on n letters); so this weakened hypothesis will be satisfied in arbitrary permutation groups.
Thus Hypothesis (ii) of Lemma 3.8 remains the critical one. A key point in verifying this condition in the proof of Theorem 4.8 was the well-known fact that a nontrivial element of a solvable primitive permutation group on a set fixes at most half of the elements (see [17, Lemma 5.1] ). But there are strong (slightly weaker) generalizations of this result to arbitrary primitive permutation groups available today, thanks to results of Guralnick and Magaard (see [8, Corollary 1] ). Dealing with the exceptional cases in this result will be one of the problems one faces in generalizing our approach to arbitrary groups.
It is also interesting to compare the approach via Knörr to the approach presented here. The most difficult case in the proof in Theorem 4.8 occurs when the module V is induced from a module of a semilinear group. This case, however, does not provide any difficulty in the solution of the k.GV /-problem for solvable groups using Knörr's approach (see for example [25] , or [3] for |G| odd). Using this approach the case of primitive V is the most difficult whereas in our approach imprimitive modules are the hardest to come by.
Another interesting question is the following: One of the marvels of Knörr's paper [13] is the theorem that if C G .v/ is abelian for some v ∈ V , then k.GV / ≤ |V |, in particular this is the case if G has a regular orbit on V . Here a small piece of information that can often be verified yields the wanted conclusion which makes the result very powerful. Is this result somehow hidden in the approach here? Or is there a more elementary proof for it?
Finally, we point out that the proof of Theorem 4.8 involves a little bit of character theory only to deal with the above-mentioned most difficult case where V is induced from the module of a semilinear group. Here we invoked Gallagher's goodness property which is based on characters. It would be nice if we could replace it by our goodness property developed in Definition 3.5 and Lemma 3.6, so that the proof would be entirely group theoretical.
